This work investigates the eect of aerodynamic interference in the coupled nonlinear aeroelasticity and ight mechanics of exible lightweight aircraft at low speeds.
I. Introduction
Solar-and hydrogen-powered aircraft for commercially-viable very-long-endurance unmanned ight are dening a new frontier in the history of aviation, with several prototypes currently at dierent stages of development. Due to the exceptionally demanding eciency requirements, these vehicles are built on an extremely light structure with large aspect ratio wings. This brings a number of issues that need to be considered in the design process: the possibility of large (geometricallynonlinear) structural deformations, coupling between aeroelastic and ight dynamics responses, low resilience to atmospheric turbulence and gusts, controllability issues, etc. New multidisciplinary analysis frameworks are thus needed for the aeroservoelastic design of these Very Flexible Aircraft (VFA) and a substantial research eort has been carried out towards this goal in recent years [1 9]. In most cases, the characteristic slenderness of all primary exible structures of High-Altitude Long-Endurance (HALE) vehicles justies descriptions of the low-frequency nonlinear structuraldynamics through beam models, and of the unsteady aerodynamics by means of 2-D strip theory.
Three-dimensional aerodynamic eects may be important however in the interference between lifting surfaces and wakes (typically between the wake shed by the main wing and the tail) or in the wingtip eects. The latter is typically considered through corrections on the lift curve, but those are only valid in small ranges of reduced frequencies [10] .
The primary structures of a particular VFA conguration (wing, fuselage, tail) are thus modeled as composite beams. They undergo three-dimensional displacements and rotations, with crosssectional properties calculated along the span. Typically those displacements and rotations are the primary variables in the numerical solution of the structural problem [11, 12] , which is solved under the assumption of small strain. In some recent works, however, the strain of the beam elements [7, 9] or the local velocities and strains (the intrinsic description) [13, 14] have been taken as independent degrees of freedom, which can provide some numerical advantages on aircraft-type geometries. A comparative study on these dierent structural models for exible-aircraft dynamics has been presented in a previous work by the authors [10] .
A key driving factor in the design of large, lightweight VFA is their response to gusts and atmospheric turbulence during climb and descend operations, as illustrated by the Helios mishap [15] .
HALE vehicles are likely to satisfy potential-ow assumptions (low-speed ight and attached ow) during these mission segments, hence rendering panel methods excellent candidates for the description of the aerodynamics: without incurring in excessive computational costs, they incorporate 3-D eects, interference and wake modeling. Note, however, that panel methods are not adequate at very high altitudes due to dominance of viscous eects or breakdown of continuum hypothesis.
Among potential-ow solvers, free-wake methods become necessary for complex wing kinematics, in particular, for large dynamic displacements (provided the ow remains attached), and for the investigation of interference phenomena in this type of unsteady ows. Vortex-particle methods [16, 17] adopt a vortical interpretation of the wake, which consists of point vortices or vortex blobs, and are particularly well suited to acceleration algorithms. On the other hand, the general Unsteady Vortex-Lattice Method (UVLM) [18] represents the wake by a continuous vortex sheet, and it has been shown [19] to be a good candidate for, at least, preliminary studies of strongly interfering ow elds the use of the UVLM has also been reported in several related disciplines where modeling the free-wake dynamics has a critical eect, such as rotorcraft aerodynamics [20] and air-trac management [21] .
The UVLM describes the inviscid wake by discrete vortex laments arranged in quadrilateral vortex rings. This can create numerical diculties when wake laments cross trailing surfaces, due to the singularity of the Biot-Savart law, but several solution are available, such as remeshing [16] , discarding wake connectivity [17, 22] , or introducing a vortex-core to model the inner viscous part of the lament [20, 23, 24] . As with other potential-ow methods, the inability to account for viscous eects is one of the main limitations of the UVLM. However, dierent ways of overcoming it have been successfully proposed in the literature, in particular, including ad hoc stall models [8, 25] and using the lift-drag polar to predict viscous drag [26] .
The goal of this work is to present a unied model for the aeroelastic and ight dynamics analysis of VFA, including geometrically-nonlinear deformations and, as a new feature, wake interference.
For this purpose, and based on a previous assessment of dierent available tools [10] , the general Unsteady Vortex-Lattice Method (Section II) has been coupled with a geometrically-exact composite beam nite-element model (Section III); here the primary structural variables are the local displacements and the Cartesian rotation vector, and the rigid-body dynamics of the unsupported structure are captured by the translational and angular velocities of a body-xed reference frame. This integrated framework (Section IV) for Simulation of High Aspect Ratio Planes (SHARP) provides a modular tool to study exible aircraft, including static aeroelastic analyses, aircraft trimming, and fully nonlinear time-marching simulations. The numerical exercises presented (Section V) will illustrate some of these capabilities, mainly focusing on the impact of wake interference on the prescribed motions and open-loop free-ight response of a representative HALE aircraft conguration.
II. Aerodynamic Model: Unsteady Vortex-Lattice Method
The Unsteady Vortex-Lattice Method (UVLM) is an ecient computational technique to solve 3-D potential-ow problems about moving (and deforming) lifting surfaces. The basics of the UVLM algorithm are described by Katz and Plotkin [18] , and just a brief overview of our implementation is included here to make the paper self-contained. Part of this formulation might seem atypical due to the use of very sparse matrices, but it provides a very compact notation.
Elementary (singularity) solutions are distributed over lifting surfaces and the non-penetration boundary condition is imposed at a number of control (collocation) points, leading to a system of algebraic equations at each time step. The UVLM is based on thin wing approximation, so both the elementary solutions and the collocation points are placed over the instantaneous (deformed) mean surface in lieu of the actual surface, thus eectively ignoring thickness eects. The elementary solution is the so-called vortex ring, i.e., a quadrilateral element composed by discrete vortex segments in a closed loop, along which the circulation strength, Γ k , is constant (see Fig. 1 ). As the surface moves following a certain ight path, a force-free inviscid wake is obtained as part of the solution procedure. The wake is represented by vortex rings, and it is formed, shed, convected and allowed to roll up according to the local ow velocity.
Fig. 1 Unsteady aerodynamics model: lifting surface and wake discretization using vortex-ring elements.
At discrete time step n + 1, the non-penetration boundary condition can be formulated as
where Γ b and Γ w are the vectors with the circulation strengths in the bound and wake vortex-
, X n+ w ) are the wing-wing and wing-wake aerodynamic inuence coecient matrices, and X b and X w are the vectors with the bound and wake grid-coordinates. Elements of these matrices are obtained by projecting the velocity computed using the Biot-Savart law over the vortex-ring normal vector, and the time at which they are evaluated within the current time step, determined by 0 ≤ ≤ 1, depends on the integration scheme. The right hand side in Eq. (1) is the vector of normal components of the non-vortical velocities at the collocation points, and may include deployment of control surfaces, gust-induced velocities, wing deformations and rigid-body motions.
At each time step, a new row of vortex rings will be shed into the wake from the trailing edge of each lifting surface. In addition to this, the existing wake will displace following the local ow velocity (the free-wake model). The propagation equation for the wake circulation can be written in discrete time as
where B b and B w are very sparse constant matrices which account for Kelvin's circulation theorem (that enforces the condition for wake shedding at the trailing edge) and Helmholtz's vortex theorem (in the convection of the wake). They map the wake circulation of the previous time step to the current one. As the inuence of the wake decays very rapidly as it is convected away from the lifting surface (Biot-Savart law), the computational burden can be signicantly alleviated by neglecting the inuence of very far away panels (wake truncation). The length of wake that needs to be kept is determined through a convergence study and in this work 20 chord lengths were found to be enough for an error in the circulation vector (2-norm) of less than 1%. No dissipation model [27, 28] has been implemented in this work.
In turn, the shedding and convection of the free wake is written as
where C b and C w in Eq. (3) are very sparse constant matrices that update the position of the prescribed wake: the former closes the newly shed wake panel with the trailing edge of the lifting surface, satisfying the Kutta condition, while the latter preserves the wake of the previous time step unchanged. The vector V in Eq. (3) includes the local (inertial) ow velocities at the grid points of the wake mesh. If a prescribed wake were to be considered, the integral term would be dropped, but for a fully force-free wake it is necessary to retain it and time-integration is required to determine the location of the rolled-up wake. Conventionally, this is done using an explicit one-step Euler method, but in order to improve the accuracy and/or stability of the wake rollup other higher order schemes have been also proposed in the literature, such as a two-step Euler [29] and the fourth order Adams-Bashforth-Moulton [20] . The explicit approach has been found to work well for the applications under study, and it will be used here. This denes a local frame, A, as illustrated in the 2-D projection in Fig. 2 . The pressure dierential, obtained from the unsteady Bernoulli equation, acts along the normal vector. However, as the UVLM is based on thin-wing theory, it does not account for the leading-edge suction, and only the component normal to the inertial velocity is retained, i.e., the contribution of pressure to the local lift. The induced drag is aligned with the local instantaneous velocity and it is computed through an approximation to the Kutta-Joukowski theorem proposed in Ref. [18] . The vectors storing these inviscid loads are given by
where ∆ i(j) are matrices lled with 1 and −1 in the correct positions in order to account for adjacent
) are diagonal matrices dependent on the current panel geometry and local angle of incidence;
are diagonal matrices that store weighted velocities. Their exact denitions can be found in Ref.
[18].
III. Flexible-Body Dynamics: Displacement-Based Geometrically-Exact Composite Beam
All principal airframe structures will be modeled as composite curvilinear beams capable of large deections and global rotations, but under the assumption of small local strains [2, 30] . The equations of motions are solved using a nite-element discretization with nodal displacements and the Cartesian Rotation Vector (CRV) as primary degrees of freedom [11, 12] . There are no constraints on the undeformed conguration allowing the beam to be initially curved and twisted. As shown in Fig. 3 , the vehicle dynamics are described by a body-xed frame of reference (FoR), a, which moves with respect to an inertial frame, G, by the translational, v a (t), and angular, ω a (t), velocities of its origin subscripts are used to indicate the coordinate system in which each vector magnitude is projected. The orientation of the body-xed frame with respect to the inertial one is given by the coordinate transformation matrix C Ga (t), and a at Earth is assumed. The local orientation of the beam cross sections (airfoils) is dened by their local coordinate systems, B, in the deformed (or current) conguration.
The equations of motion are obtained from Hamilton's principle [10] , for which the potential, U, and kinetic, T , energy densities per unit length are rst computed as
Here, V B and Ω B are the inertial velocities of the local deformed frame, γ and κ are the beam strains, and M and S are the mass and stiness matrices, respectively, which are obtained through an appropriate cross-sectional analysis methodology [31] . The orientation of cross sections at each point in the current conguration is described in terms of nite rotations from the body-xed reference frame, a, to the local deformed frame, B, using the CRV, Ψ(s, t). coordinate transformation matrix will be C Ba (Ψ). Strains and velocities can then be expressed in terms of the independent set of variables, R a (s, t) and Ψ (s, t) [12, 30] ,
where T (Ψ) is the tangential operator [12] . The forcing terms in the equations of motion require the evaluation of the position vector in the current conguration at the material points where the force is applied. From Fig. 3 , and expressed in its components in the reference inertial frame it is
where ξ B contains the sectional coordinates. Taking 
where matrix M is the tangent mass matrix and Q gyr , Q stif f and Q ext are the discrete gyroscopic, stiness, and external generalized forces, respectively. Quaternions, ζ, are used for the orientation of the aircraft. The linearized (incremental) form of Eq. (8) around an equilibrium point is given
where C and K are the tangent damping and stiness matrices, and depend on the equilibrium point.
As mentioned above, the orientation of the body-xed reference frame with respect to the inertial frame is parameterized with quaternions, ζ(t) = (ζ 0 , ζ v ), which need to satisfy the following
The instantaneous coordinate transformation matrix C Ga and position vector of the body-xed reference frame are nally obtained as
IV. Coupled Aeroelasticity and Flight Dynamics of Flexible Aircraft
The previous unsteady aerodynamic and exible-body models will be used to represent the complete dynamics of a exible air vehicle. As the structural model is based on beams (curves in space) and the aerodynamic lattice is distributed over a lifting surface, a mapping procedure is required between both meshes, and how this is tackled is presented in Sections IV A and IV B. The dierent solution methodologies that will be used for the numerical results are outlined in Section IV C. 
A. Mapping Structural Displacements and Velocities to the Aerodynamic Model
Firstly, displacements and rotations of the beam nodes, R a and Ψ, and the corresponding rates,Ṙ a andΨ, have to be transformed to deformations and velocities of the grid points of the aerodynamic lattice, X b andẊ b . This is done assuming airfoil sections remain rigid under wing deformations. Vortex-ring corner points and collocation points are expressed in the lifting surface coordinate system, which is rigidly linked to the body-xed one, a. In the initial (undeformed) conguration a mapping between the structural nodes and the aerodynamic grid can be dened, as illustrated in Fig. 4(a) . For the sake of simplicity, the nite-element discretization of the beam coincides with the spanwise aerodynamic grid, but cambered airfoils are allowed. The distance between a vortex-ring corner point and the relevant node, ξ B , will remain constant, and as a consequence, it is possible to determine the aerodynamic grid in the body-xed FoR, at any deformed conguration of the member. For each vortex-ring corner point the following transformation is dened (variables are not bold since the transformation corresponds to a single vortex-ring corner point)
The transformation for the inertial velocities is
where the local inertial angular velocity, Ω n B , was given in Eq. (6). Positions and velocities of the collocation points are obtained through interpolation.
B. Mapping Aerodynamic Forces to the Structural Model
To transform the aerodynamic loads computed in Eqs. (4) to forces and moments acting upon the beam nodes it is assumed that they are point forces applied at the center of the leading segment of each vortex ring. Each vortex ring has a local A frame associated, dened by the local instantaneous velocity, as explained in Section II. The inviscid aerodynamic forces at vortex ring k, expressed in the local aerodynamic frame, A, are given by
with L k and D k the lift and the induced drag of panel k, as given by Eqs. (4). These forces are then transformed to the body-xed a frame, in order to be consistent with the exible-beam equations, Eqs. (8-10). Finally, they are lumped into the nodes of the deformed beam, splitting them between adjacent ones as illustrated in Fig. 4 (b) note that this mapping will give rise to moments acting at the corresponding nodes. These operations can be summarized as
whereC aA X b ,Ẋ b is a block diagonal matrix, being each block given by the corresponding coordinate transformation matrix from the local aerodynamic to the body-xed frame, C aA . In
is a very sparse matrix that lumps the forces acting on the aerodynamic lattice, expressed in a, into forces and moments applied on the beam nodes. Integration of these nodal values yields the resultant forces and moments on the body-xed FoR.
C. Solution Methods
Through the above mapping procedures the coupling of aerodynamic and structural models for a full aeroelastic and ight dynamics characterization of the exible vehicle can be tackled. The exible-body dynamics equations, Eqs. (8-10) are integrated with the unsteady aerodynamics, Eqs.
(1-4). Other external forces, in particular, gravity forces, can also be introduced into the equations of motion. Dierent solution approaches have been dened: static aeroelastic, trim, and open-loop dynamic simulations, including linearized and geometrically-nonlinear solutions, when appropriate.
In particular, for time-domain analyses the second order continuous-time exible-body equations are discretized using the Newmark-β method [12] , and a loosely coupled approach solves them together with the discrete-time UVLM formulation. This is a partitioned time-marching scheme [33] in which information is exchanged at each time step but no subiterations are included. The main steps of the process are:
1. Based on the geometry and velocities at time step n, the aerodynamic loads are computed.
2. These aerodynamic loads are applied on the exible-body equations, which are solved using the Newmark-β scheme in order to obtain the geometry and velocities at time step n + 1.
3. The procedure is repeated from 1., substituting n + 1 instead of n.
The methods described above have been implemented in a framework for Simulation of High Aspect Ratio Planes. SHARP is built on a modular architecture in Matlab, but with low-level libraries in Fortran, that allows running independently the exible-body dynamics and aerodynamics solvers, as well as the coupled system. As remarked above, the exible-beam equations are geometrically exact, and therefore capture the nonlinearities that arise due to large deformations, updating the relevant inertia, gyroscopic and stiness terms. Even though the vortex-lattice method used for the unsteady aerodynamics is based on potential-ow theory, the boundary conditions are enforced at the deformed shape, thus accounting for large motions of the lifting surfaces. Aerodynamic control surfaces are directly modeled by prescribed deections of trailing edge panels and the true shape of the wake can be obtained as part of the solution procedure however, a prescribed-wake model is often a good approximation and it has also been implemented. A. Linear stability analysis of the Goland wing
The Goland wing is a sti and small aspect ratio cantilever wing that is often used for verication purposes. The relevant properties can be found, for instance, in Ref. consists of a large aspect ratio exible wing, a rigid fuselage and and a rigid tail that includes a 25%-chord elevator. All lifting surfaces are untwisted, unswept, and untapered. The aircraft carries a payload of 50 kg in the fuselage (a point mass at a distance d pl from the wing elastic-axis) and it is powered by two propellers, which are modeled as point follower-forces at the elastic axis. The geometry of the aircraft is shown in Fig. 6 and the relevant properties are listed in Table 2 . It will be assumed that the aircraft ies at an altitude of 20 km, where the density is ρ ∞ = 0.0899 kg/m 3 . This aircraft will be used for all subsequent results, and as it can be observed, the stiness properties of the main wing, and the locations of the payload, d pl , and the horizontal tail plane (HTP), d HT P , will be varied as parameters. less than 5% at the tip for α = 4 deg, which can be attributed both to the dierent lift-curve slope between both models and details on the modeling of the wing-tip geometry. Following the same time-domain solution process described in Section V A for the Goland wing, the utter speed and frequency of the undeformed HALE aircraft described above have been found to be V f = 33 m/s and ω f = 22 rad/s. This is in excellent agreement with the values reported in Ref.
[3], V f = 32.21 m/s and ω f = 22.61 rad/s respectively, which serves to verify the current implementation for small wing oscillations. Note that, as in Ref. [3] , the utter point is obtained on perturbations on the undeformed conguration, i.e., the aircraft is not trimmed for the utter speed.
Finally, Fig. 8 presents nonlinear static aeroelastic equilibrium for the full vehicle. Fig. 8(a) shows the angle of attack that produces a vertical force that balances the total weight at various ight speeds (with no elevator deection). For the ight speeds and angles of attack investigated, the exible wing exhibits very large tip deections, between 35 and 50% of the semi-span. Even though the qualitative trend is the same, SHARP yields higher angles of attack in both cases, with the discrepancy being especially pronounced in the exible case. Fig. 8(b) depicts the total lift ratio between exible and rigid aircraft at various free-stream velocities the contribution of the tail to the total lift is included. In this case, a constant angle of attack has been prescribed, α = 5 deg, and linear and nonlinear computations have been carried out. The mismatch between estimations clearly increases with velocity, which for a xed angle of attack entails larger deformations.
To sum up, the present implementation has been found to agree well with higher delity CFD for notably nonlinear situations, and with lower delity 2-D aerodynamics in the linear regime.
However, there is a substantial discrepancy with the latter for large wing deections. This indicates that the tip corrections to 2-D aerodynamic models, based on the exact spanwise lift distribution of the undeformed shape, may not be appropriate for large wing bending displacements. Similar results have also been reported by Wang et al. [8] in their comparison of UVLM and 2-D aerodynamics to compute the trim angle of a very exible ying wing.
C. Wake proximity eects on prescribed aircraft motions
In this section, wake-tail proximity eects are studied for prescribed longitudinal motions of the body-xed frame, a. Hence, only the aeroelastic system is considered, but including the inertia forces due to the prescribed motions. The HALE aircraft described above (see Table 2 and plunging, pitching, and combined plunging-pitching for a constant incidence angle. That is, h = A h sin (ω h t) , (16) 
First of all, a pure harmonic plunging motion of the HALE model has been analyzed, i.e., A α = 0 deg. The ight velocity has been chosen to be V ∞ = 40 m/s, well below the utter speed for this set of parameters, V f = 74 m/s. The frequency of the oscillation is selected so that it is close to the 1 st bending mode of the main wing, ω b1 = 5.1 rad/s, and has been set to ω h = 5 rad/s.
The amplitude has been chosen so that it coincides with the static equilibrium vertical position of the center of gravity of the main wing, and for V ∞ = 40 m/s, this corresponds to A h = 0.79 m. The angle of attack that balances total lift and weight at this velocity is α 0 = 2.5 deg.
The evolution of the tail lift coecient has been monitored. The results obtained using the present coupled aeroelastic model are compared to other approximations to the tail lift coecient slope, C L,α . The rst simplication is to assume that the HTP is a wing ying with a steady wake behind, represented by horseshoe vortices (it will be referred to as the ying tail approximation).
The second, more sophisticated, approach is to consider the whole aircraft in steady ight at the equilibrium conditions, accounting for both the wake shed by the deformed main wing and the HTP itself (full aircraft approximation). For V ∞ = 40 m/s, these approximate values for the tail lift coecient slope are given by
where the downwash caused by the steady wake of the main wing on the HTP lift is apparent. The next prescribed motion subject to study is a pure harmonic pitching, i.e., A h = 0 m. This pitching motion around the equilibrium condition has been dened so that it would cancel out the induced angle of attack due to the plunging motion described above, yielding ω α = 5 rad/s and A α = 5.6 deg. Results for this case are presented in Fig. 10 , where the lift coecient of the tail is plotted against time and pitching amplitude. Analogous disagreement to the plunging case is observed for the ying tail estimation. The full aircraft approximation again captures relatively well the oscillation amplitude, but as opposed to the pure plunging, it fails to predict the correct phase lag. The hysteresis loop present in the fully unsteady results is not predicted by any of the approximations, and hence, the interference is manifested here as an alteration of the lag between motion and loads, which quasi-steady aerodynamics models neglect.
The last motion considered is a combination of plunging and pitching, given by Eqs. Results are displayed in Fig. 11 . The lift coecient of the tail is plotted against time, vertical motion, and pitching motion. Results exhibit substantial disagreements between the fully coupled model and the quasi-steady estimations. As the eective incidence angle remains constant, the proposed approximations predict a constant lift coecient. In contrast, the UVLM predicts a harmonic value, consistent with the oscillatory nature of the wake, which approaches and moves away from the tail in a cyclic fashion. The full aircraft approximations gives a good estimate of the average value, and the ying tail approximation is far o due to the missing downwash. Even though the amplitude of the oscillations of the lift coecient are not as large as in the pure plunging and pitching cases (only of the order of 10% of the average value), this might impact the longitudinal motions of the aircraft. This will be investigated in Section V E.
D. Wake-tail impingement on prescribed aircraft motions
The numerical characteristics of potential direct wake-empennage encounters are briey discussed now. For that purpose, a dierent ight speed has been chosen for the same aircraft, V ∞ = 25 m/s. In order to prescribe a purely plunging motion analogous to that in Section V C, it is α 0 = 7. Full A/C SHARP, prescribed wake SHARP, free wake [20, 23, 4143] . Even though it is beyond the scope of this paper to study the specic features of the vortex-body impingement in detail, the UVLM provides a rst estimate of the eect of this interference [19] . Observing the rst jump in Fig. 12 (near maximum lift) , it can be inferred that there is a gradual decrease in lift as the wake approaches the trailing HTP, followed by a rapid rise when the nearest position is reached, which is consistent with the BVI behavior [41, 43] . It has been reported that the sudden change in lift is of the order of the nondimensional circulation strength, Γ/ (V ∞ c), of the impinging vortex [44] , and this is roughly predicted by the UVLM. However, to the best of the authors' knowledge, there are no conclusive results on the exact relationship. Fig. 12 also attests that the quasi-steady approximation is not a good estimate when the wake gets very close to the tail, and that in this case the wake rollup does indeed inuence results, producing changes on both the location and the amplitude of the sudden lift variations. This is caused by extremely large induced velocities on the wake as it approaches the tail, due to the singularity in the Biot-Savart law. Note however, that except for the wake-tail encounters, the overall behavior has been predicted reasonably well without free-wake eects. In this analysis, a vortex-core has been dened for the regularization of the Biot-Savart law, and within the cuto radius of the vortex segment the induced velocity equals zero. This is a rather violent approximation, but it provides a very robust numerical performance, which was deemed more critical here. If more details of the sudden changes of lift were needed, a rigorous convergence study would be required for temporal and spatial discretizations during the wake-tail impingement, and remeshing [16] or discarding wake connectivity [17, 22] should be considered. Viscous eects, however, are often important and are neglected by the model. In conclusion, the UVLM could be used to expose hazardous situations arising from this wake-tail direct interaction, but higher-delity analysis tools would be needed to further investigate these scenarios if they could compromise the design.
E. Wake interference on open-loop response
Finally, the impact of the interference on the open-loop longitudinal dynamics of the free-ying aircraft will be assessed. The same HALE aircraft has been considered again, with d pl = 1 m, d HT P = 2 m, σ 1 = 5 and σ 2 = 20. It has been assumed that lift and structural weight remain locally balanced along the wing span, and hence gravity forces are only included in the payload.
A sinusoidal elevator deection is commanded around the trim conguration, and the time-domain response of the aircraft is monitored. This analysis is an open-loop version of that performed in Section V C: instead of prescribing the motions of the aircraft, a maneuver is commanded and the vehicle is free to follow the trajectory that will result from this input note, however, that no particular path has been sought for.
First of all, the aircraft is trimmed for steady level longitudinal ight at a given velocity. The trim conguration is found using Newton's method with three inputs (angle of attack, α, thrust per propeller, T , and elevator deection, δ) to zero the resultant longitudinal forces and moments. In this case V ∞ = 25 m/s has been chosen, for which the corresponding trim values are α trim = 4.56 deg, T trim = 2.42 N, and δ trim = 9.85 deg. At these conditions, the tip deection of the main wing is z tip = 1.06 m. For the dynamic analysis, the elevator input will be given by
where the oscillation frequency is, as before, ω = 5 rad/s. δ * = ±δ trim have been chosen so that interference eects become visible, i.e., by making the wake pass close to the tail but avoiding direct collisions. Fig. 13 (a) displays the ight trajectory during the rst two periods of elevator perturbation. Snapshots every half-period are presented for both values of δ * , including the wake of the main wing, which represents the path followed by its root. On top is the case δ * = δ trim , which leads to a nose-down pitching at the beginning of the motion due to an increased force on the tail. The snapshots below are for δ * = −δ trim , where the aircraft pitches up rst. More details are presented in Figs. 13(b) and 13(c), which show the lift coecient of the tail and the resulting pitch rate of the aircraft, respectively, during these two cycles, with and without wake interference.
For the case without interference, the inuence of the wake shed by the main wing over the tail is switched o in SHARP the inuence over the shedding surface, i.e., the main wing, is accounted The interference eect is apparent in these results, and shows the potential errors that can be introduced if the modeling neglects the dynamics of the wake. As the wake gets close enough to the tail, the induced downwash reduces the lift considerably and leads to a dierent pitch rate and trajectory; the error in pitch rate can reach up to 20% if interference is switched o. Note that for the parameters chosen the wake is always below the tail and there are no crossings. It was found that interference starts aecting signicantly the results when the wake and the HTP are one chord length apart; otherwise, the results with and without interference are relatively close. In this case, the exible aircraft was forced to follow a hard maneuver (indeed the maximum elevator deection in the example exceeds 19 deg, which might lead in reality to ow separation), but similar results would be obtained with a exible fuselage under vertical gust loads.
Finally, it should be remarked that no closed-loop control was attempted and, after the elevator input, a residual pitch rate persists that leads to a path that diverts from the trimmed state. This is also manifested by a smaller nal forward velocity for δ * = −δ trim that results in the aircraft covering a shorter distance.
VI. Conclusions
This paper has presented a computational framework for the medium-delity modeling and simulation of low-speed exible-aircraft dynamics at low-to-moderate frequencies. It couples 3-D unsteady vortex-lattice and geometrically-nonlinear composite-beam models to represent coupled aeroelastic and ight-dynamics responses. This approach captures the eects of large geometry changes, both in the structure and in the 3-D aerodynamics, but also coincides with more conventional linear models for small-amplitude dynamics. In addition, the model is able to capture a rst (inviscid) approximation to the aircraft wake, and that has been used to investigate the interference between the wake of the wing and the aircraft tail for a HALE conguration. A loosely-coupled timemarching integration scheme has been implemented and exercised both for longitudinal prescribed rigid-body motions and open-loop response of the free-ying vehicle.
The eect of the wake of the main wing on the lift of the tail goes as the inverse of the relative distance between wake and tail. The numerical results in this work have shown situations in which this inuence on the dynamics of the aircraft can be far from negligible. Also, a quasi-steady description of the wake has been often used in the literature to account for the induced downwash, but it has been observed here that the aerodynamic lags can play a relevant role on the dynamic response. Finally, the present coupled model can also provide some relevant information when direct collisions occur between wake and tail, even though the current modeling would be non-physical and allows the wake to pass through the tail. In these cases, the numerical results can only be seen as indicative of the actual physical event, but can provide valuable information during the design process.
The present model to study the dynamic response of exible aircraft captures the large deformations of the lifting surfaces (as opposed to the doublet-lattice method), and includes the actual spanwise distribution of aerodynamic forces on the deformed wings, and the interactions with the free wake (as opposed to 2-D strip theory). This approach is expected to provide a suitable framework to incorporate these eects in the control synthesis, and to assess the performance of controllers designed with lower delity tools.
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